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Introduction

For most people, the term territorial possession indicates restrictions, usually dealing with trespassing or rite of passage
and takes place in some foreign location. What most Americans do not realize is that from September through December,
territorial possession dominates our lifestyles while watching the NFL. In this area, territorial possession is governed
by the referees who make their decisions based on what the chains reveal. If the ball is at point A (x , y,), then it is up
to the quarterback to decide which route to point B (x,, y,), the end zone, is most feasible.
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SECTION 2.6 OTHER TYPES OF EQUATIONS

LEARNING OBJECTIVES

In this section you will;

e Solve equations involving rational exponents.
e Solve equations using factoring.

e Solve radical equations.

e Solve absolute value equations.

e Solve other types of equations.

2.6 OTHER TYPES OF EQUATIONS

We have solved linear equations, rational equations, and quadratic equations using several methods. However, there are
many other types of equations, and we will investigate a few more types in this section. We will look at equations involving
rational exponents, polynomial equations, radical equations, absolute value equations, equations in quadratic form, and
some rational equations that can be transformed into quadratics. Solving any equation, however, employs the same basic
algebraic rules. We will learn some new techniques as they apply to certain equations, but the algebra never changes.

Solving Equations Involving Rational Exponents

Rational exponents are exponents that are fractions, where the numerator is a power and the denominator is a root.
1 1

For example, 162 is another way of writing V' 16; 83 is another way of writing V/8. The ability to work with rational
exponents is a useful skill, as it is highly applicable in calculus.

We can solve equations in which a variable is raised to a rational exponent by raising both sides of the equation
to the reciprocal of the exponent. The reason we raise the equation to the reciprocal of the exponent is because
we want to eliminate the exponent on the variable term, and a number multiplied by its reciprocal equals 1.

2 §>_ <l>_
Forexample,3<2 =13 3 =1, and so on.

rational exponents
A rational exponent indicates a power in the numerator and a root in the denominator. There are multiple ways
of writing an expression, a variable, or a number with a rational exponent:

a% = (a%)m = (a’”)% =Vam = (%)m

Example 1  Evaluating a Number Raised to a Rational Exponent

2
Evaluate 83.

Solution  Whether we take the root first or the power first depends on the number. It is easy to find the cube root of

(8% )2: (2)?

2 (l)Z
8, so rewrite 83 as \83 / .

Try It #71
)/ _1
Evaluate 64 3.
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Example 2  Solve the Equation Including a Variable Raised to a Rational Exponent
3
Solve the equation in which a variable is raised to a rational exponent: x4 = 32.

Solution The way to remove the exponent on x is by raising both sides of the equation to a power that is the reciprocal

of%,which is %

Al

x4 =32

>l
(S

(x%) =(32)

x=(2)*  'The fifth root of 32 is 2.
=16

Try It #2
i’ 3

Solve the equation x2 = 125.

Example 3  Solving an Equation Involving Rational Exponents and Factoring

3 1
Solve 3x4 = x2.
Solution This equation involves rational exponents as well as factoring rational exponents. Let us take this one step
at a time. First, put the variable terms on one side of the equal sign and set the equation equal to zero.

3x% — (x%) :x% — (x%)
3 1

3x4 —x2 =0

Now, it looks like we should factor the left side, but what do we factor out? We can always factor the term with the
1 2 2
lowest exponent. Rewrite x2 as x4. Then, factor out x4 from both terms on the left.

3 2
3x4 —x4 =0

. x%(3xi—1):0

Where did x4 come from? Remember, when we multiply two numbers with the same base, we add the exponents.
2
Therefore, if we multiply x4 back in using the distributive property, we get the expression we had before the factoring,

which is what should happen. We need an exponent such that when added to % equals % Thus, the exponent on x
in the parentheses is 1

Let us continue. Now we have two factors and can use the zero factor theorem.

2 1 1
x4(3x4—1):O 3x4 —1=0
2 1
x4 =0 3x4 =1
x:o i_l PR .
x4 == Divide both sides by 3.

4
% > Raise both sides to the reciprocal of i

The two solutions are 0 and é

Try It #3
7 3
Solve: (x + 5)2 = 8.




SECTION 2.6 OTHER TYPES OF EQUATIONS

Solving Equations Using Factoring

We have used factoring to solve quadratic equations, but it is a technique that we can use with many types of polynomial
equations, which are equations that contain a string of terms including numerical coeflicients and variables. When
we are faced with an equation containing polynomials of degree higher than 2, we can often solve them by factoring.

polynomial equations
A polynomial of degree n is an expression of the type
xt 't taxitaxta,

n
ax"+a

where 7 is a positive integer and a,...,a,are real numbers and a, #£0.

Setting the polynomial equal to zero gives a polynomial equation. The total number of solutions (real and
complex) to a polynomial equation is equal to the highest exponent n.

Example 4  Solving a Polynomial by Factoring
Solve the polynomial by factoring: 5x* = 80x2.
Solution  First, set the equation equal to zero. Then factor out what is common to both terms, the GCF.
5x* — 80x* =0
5x%(x*—16) =0

Notice that we have the difference of squares in the factor x* — 16, which we will continue to factor and obtain two

solutions. The first term, 5x?, generates, technically, two solutions as the exponent is 2, but they are the same solution.

562=10 x*—16=0
x=0 (x—4x+4)=0
x—4=0 or x+4=0
x=4 or x=—4

The solutions are 0 (double solution), 4, and —4.

Analysis  We can see the solutions on the graph in Figure 1. The x-coordinates of the points where the graph crosses the

x-axis are the solutions—the x-intercepts. Notice on the graph that at 0, the graph touches the x-axis and bounces back.

It does not cross the x-axis. This is typical of double solutions.

Yy

Iry It #4
Solve by factoring: 12x* = 3x2.
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Example 5  Solve a Polynomial by Grouping

Solve a polynomial by grouping: x* + x> — 9x — 9 = 0.

Solution This polynomial consists of 4 terms, which we can solve by grouping. Grouping procedures require factoring
the first two terms and then factoring the last two terms. If the factors in the parentheses are identical, we can continue
the process and solve, unless more factoring is suggested.

X*+x2—9%—9=0
X(x+1)—9x+1)=0
(xX?=9(x+1)=0
The grouping process ends here, as we can factor x* — 9 using the difference of squares formula.
(=9 +1)=0
(x—3)(x+3)(x+1)=0
x—=3=0 or x+3=0 or x+1=0
x=3 or x=-3 or x=-1

The solutions are 3, —3, and —1. Note that the highest exponent is 3 and we obtained 3 solutions. We can see the
solutions, the x-intercepts, on the graph in Figure 2.

{ X+ x2—9x—9=0

—25+

\4
Figure 2

Am/zw’r We looked at solving quadratic equations by factoring when the leading coefficient is 1. When the leading
coefficient is not 1, we solved by grouping. Grouping requires four terms, which we obtained by splitting the linear term
of quadratic equations. We can also use grouping for some polynomials of degree higher than 2, as we saw here, since
there were already four terms.

Solving Radical Equations

Radical equations are equations that contain variables in the radicand (the expression under a radical symbol), such as

V3x+ 18 =x
Vx+3=x-3
Vx+5—-Vx—-3=2

Radical equations may have one or more radical terms, and are solved by eliminating each radical, one at a time. We
have to be careful when solving radical equations, as it is not unusual to find extraneous solutions, roots that are not,
in fact, solutions to the equation. These solutions are not due to a mistake in the solving method, but result from the
process of raising both sides of an equation to a power. However, checking each answer in the original equation will
confirm the true solutions.
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radical equations
An equation containing terms with a variable in the radicand is called a radical equation.

Given a radical equation, solve it.

1. Isolate the radical expression on one side of the equal sign. Put all remaining terms on the other side.

2. If the radical is a square root, then square both sides of the equation. If it is a cube root, then raise both sides of
the equation to the third power. In other words, for an nth root radical, raise both sides to the nth power. Doing
so eliminates the radical symbol.

3. Solve the remaining equation.

4. If a radical term still remains, repeat steps 1-2.

5. Confirm solutions by substituting them into the original equation.

Example 6  Solving an Equation with One Radical

Solve V'15 — 2x = x.

Solution The radical is already isolated on the left side of the equal side, so proceed to square both sides.

V15 —-2x=x
2
(\/15—2x) = (x)?
15 —2x=x*

We see that the remaining equation is a quadratic. Set it equal to zero and solve.
0=x"+2x—15
0= (x+5)(x—3)
0=(x+5) or 0=(x—23)

—5=x or 3=x

The proposed solutions are —5 and 3. Let us check each solution back in the original equation. First, check —5.

V15— 2x=x
V15—2(—5)=-5
V25 =—5

54 -5

This is an extraneous solution. While no mistake was made solving the equation, we found a solution that does not
satisfy the original equation.

Check 3.
V15 —2x=x
V15-2(3) =3
V9=3
3=

The solution is 3.

Try It #5
Solve the radical equation: Vx +3 =3x — 1
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Example 7  Solving a Radical Equation Containing Two Radicals

Solve V2x + 3 + Vx — 2 = 4.

Solution  As this equation contains two radicals, we isolate one radical, eliminate it, and then isolate the second
radical.

\/2x—|—3—|—\/x—2:4

V2x+3=4—Vx—2 Subtract V' x — 2 from both sides.
( V2x+3 )2 = (4 —Vx—-2 )2 Square both sides.

Use the perfect square formula to expand the right side: (a — b)* = a? —2ab + b*.

2x+3=@dr—24)Vi—2+(Vx—2)
2x+3=16—-8Vx—2+(x—2)

2x+3=14+x—-8Vx—2 Combine like terms.
x—11=-8Vx—-2 Isolate the second radical.
2
(x—11)*= (—8 Vx — 2) Square both sides.

x2—22x+ 121 = 64(x — 2)
Now that both radicals have been eliminated, set the quadratic equal to zero and solve.
x* —22x + 121 = 64x — 128
x* — 86x + 249 =0
(x—3)(x—83)=0 Factor and solve.
x—3=0 or x—83=0

x=3 or x =83

The proposed solutions are 3 and 83. Check each solution in the original equation.

V2x+3+Vx—2=4
mzél— x—2
V2B3)+3=4-V(3) -2

Vo=4-V1
3=3

One solution is 3.

Check 83.

V2x+3+Vx—2=4
V2x+3=4—Vx-—-2
V2(83) +3=4—\V(83—2)

V169 =4 — V81
134 —5

The only solution is 3. We see that 83 is an extraneous solution.

Iry It #6

Solve the equation with two radicals: V3x +7 + Vx +2 = 1.

Download for free at http://cnx.org/contents/9b08c294-057f-4201-9f48-5d6ad992740d@5.49
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Solving an Absolute Value Equation

Next, we will learn how to solve an absolute value equation. To solve an equation such as |2x — 6| = 8, we notice that
the absolute value will be equal to 8 if the quantity inside the absolute value bars is 8 or —8. This leads to two different
equations we can solve independently.

2x —6=28 or 2x —6=—-8
2x =14 2x = —2
x=7 x=-—1

Knowing how to solve problems involving absolute value functions is useful. For example, we may need to identify
numbers or points on a line that are at a specified distance from a given reference point.

absolute value equations
The absolute value of x is written as |x|. It has the following properties:

If x > 0, then |x| = x.
If x <0, then |x| = —x.

For real numbers A and B, an equation of the form |A| = B, with B > 0, will have solutions when A = Bor A = —B.
If B < 0, the equation |A| = B has no solution.

An absolute value equation in the form |ax + b| = c has the following properties:
If ¢ <0, |ax + b| = c has no solution.
If ¢ = 0, |ax + b| = c has one solution.

If ¢ > 0, |ax + b| = c has two solutions.

Given an absolute value equation, solve it.

1. Isolate the absolute value expression on one side of the equal sign.
2. If ¢ > 0, write and solve two equations: ax + b =candax + b= —c.

Example 8  Solving Absolute Value Equations

Solve the following absolute value equations:

a. |6x+4/ =38 b. [3x+4|=-9 c. |3x—5|—-4=6 d. |-5x+10/=0
Solution
a. |6x 44| =8
Write two equations and solve each:
6x+4=238 6x +4=-8
6x =4 6x = —12
x= % x=-2

The two solutions are % and —2.

b. [3x+ 4= -9

There is no solution as an absolute value cannot be negative.
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138 CHAPTER 2 EQUATIONS AND INEQUALITIES

c. |3x—5—4=6

Isolate the absolute value expression and then write two equations.

[3x — 5| —4=6
|3x — 5| =10
3x —5=10 3x —5=-10
3x=15 3x=—5
5
:5 = ——
X X 3

There are two solutions: 5 and — §.
d. |-5x+10/=0

The equation is set equal to zero, so we have to write only one equation.

—5x4+10=0
—5x=-10
XxX=2

There is one solution: 2.

Iry It #7

Solve the absolute value equation: |1 — 4x| 4+ 8 = 13.

Solving Other Types of Equations

There are many other types of equations in addition to the ones we have discussed so far. We will see more of them
throughout the text. Here, we will discuss equations that are in quadratic form, and rational equations that result in
a quadratic.

Solving Equations in Quadratic Form

Equations in quadratic form are equations with three terms. The first term has a power other than 2. The middle term
has an exponent that is one-half the exponent of the leading term. The third term is a constant. We can solve equations

in this form as if they were quadratic. A few examples of these equations include x* — 5x* +4 =0, x° + 7x* — 8 =0,
2 1

and x3 + 4x3 + 2 = 0. In each one, doubling the exponent of the middle term equals the exponent on the leading
term. We can solve these equations by substituting a variable for the middle term.

quadratic form

If the exponent on the middle term is one-half of the exponent on the leading term, we have an equation in
quadratic form, which we can solve as if it were a quadratic. We substitute a variable for the middle term to solve
equations in quadratic form.

Given an equation quadratic in form, solve it.

Identify the exponent on the leading term and determine whether it is double the exponent on the middle term.
. Ifit is, substitute a variable, such as u, for the variable portion of the middle term.
. Rewrite the equation so that it takes on the standard form of a quadratic.
. Solve using one of the usual methods for solving a quadratic.
. Replace the substitution variable with the original term.
. Solve the remaining equation.

oo oA w NN =
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Example 9  Solving a Fourth-degree Equation in Quadratic Form

Solve this fourth-degree equation: 3x* — 2x? — 1 = 0.

Solution This equation fits the main criteria, that the power on the leading term is double the power on the middle
term. Next, we will make a substitution for the variable term in the middle. Let u = x*. Rewrite the equation in u.

3P —2u—1=0

Now solve the quadratic.
3P —2u—1=0
Gu+1u—1)=0

Solve each factor and replace the original term for u.

3u4+1=0 u—1=0
3u=-1 u=1
U= — =1
x==1

Iry It #8

Solve using substitution: x* — 8x* — 9 = 0.

Example 10 Solving an Equation in Quadratic Form Containing a Binomial
Solve the equation in quadratic form: (x + 2)* 4+ 11(x +2) — 12 =0.

Solution This equation contains a binomial in place of the single variable. The tendency is to expand what is presented.
However, recognizing that it fits the criteria for being in quadratic form makes all the difference in the solving process.

First, make a substitution, letting ¥ = x + 2. Then rewrite the equation in u.
w4+ 1lu—12=0
(u+12)(u—1)=0

Solve using the zero-factor property and then replace u with the original expression.

u+12=0
u=-—12

x+2=-12
x=-—14

The second factor results in

u—1=0
U=

x+2=1
x=-—1

We have two solutions: —14 and —1.

TV/V It #9
Solve: (x — 5)> — 4(x — 5) — 21 = 0.
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Solving Rational Equations Resulting in a Quadratic

Earlier, we solved rational equations. Sometimes, solving a rational equation results in a quadratic. When this happens,
we continue the solution by simplifying the quadratic equation by one of the methods we have seen. It may turn out
that there is no solution.

Example 11 Solving a Rational Equation Leading to a Quadratic

. . . —4x 4 —8
lve the foll t 1 tion: = .
Solve the following rational equation P + pen S v
Solution We want all denominators in factored form to find the LCD. Two of the denominators cannot be factored
further. However, x> —1 = (x 4+ 1)(x — 1). Then, the LCD is (x 4+ 1)(x — 1). Next, we multiply the whole equation by
the LCD.

—4x 4\ —8 _
(et Dlx = 1)<x—1 +x—|—1>_<(x+1)(x— 1)>(x+1)(x D

—Ax(x+ 1)+ 4(x—1)=-8
—4x> —4x+4x —4=-8
—4x*+4=0
—4(x*—1)=0
—4x+1Dx—-1)=0
x=—lorx=1

In this case, either solution produces a zero in the denominator in the original equation. Thus, there is no solution.

TV/V It #10

3 2 1 -2
Solve Xt +-= .
x—2 x x*-—2x

Access these online resources for additional instruction and practice with different types of equations.

e Rational Equation with No Solution (http://openstaxcollege.org/l/rateqnosoln)

e Solving Equations with Rational Exponents Using Reciprocal Powers (http://openstaxcollege.org/l/ratexprecpexp)
e Solving Radical Equations part 1 of 2 (http://openstaxcollege.org/l/radeqsolvepart1)

e Solving Radical Equations part 2 of 2 (http://openstaxcollege.org/l/radeqsolvepart2)
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2.6 SECTION EXERCISES

VERBAL
1. In a radical equation, what does it mean if a number 2. Explain why possible solutions must be checked in
is an extraneous solution? R radical equations.
3. Your friend tries to calculate the value — 92 and 4. Explain why |2x + 5| = —7 has no solutions.

keeps getting an ERROR message. What mistake is
he or she probably making?

5. Explain how to change a rational exponent into the
correct radical expression.

ALGEBRAIC
For the following exercises, solve the rational exponent equation. Use factoring where necessary.
2 3 1 1 3
6. x3 =16 7. x4 =27 8.2x2 —x4=0 9.(x—1)4=8
2 2 1 7 4 1
10. (x+1)3 =4 M.x3 —5x3+6=0 12, x3 —3x3 —4x3 =0

For the following exercises, solve the following polynomial equations by grouping and factoring.
13.x°+2x* —x—2=0 14. 3x° — 6x* — 27x +54=0 15.4y* — 9y =0
16. x° 4 3x> — 25x — 75 =0 17.m+m —m—1=0 18.2x° —14x° =0
19, 5x° + 45x = 2x* 4 18

For the following exercises, solve the radical equation. Be sure to check all solutions to eliminate extraneous solutions.

20.V3x—1-2=0 2.Vx—7= 2\Vx—1=x—7
2B.V3t+5=7 28.\Vt+1+9=7 25 V12— x=x
26.V2x+3 - Vx+2=2 2. V3x+7 +Vx+2=1 28.V2x+3 - Vx+1=1
For the following exercises, solve the equation involving absolute value.

29. 3x — 4| =38 30. [2x — 3| = -2 3.1 —4x|—1=5 32 4x+1—-3=6
3B.2x—1—-7=-2 4. 2x+1|—-2=-3 3. [x+5 =0 36. —[2x+ 1| =-3

For the following exercises, solve the equation by identifying the quadratic form. Use a substitute variable and find
all real solutions by factoring.

3. x*—10x*4+9=0 BAt—1)—9(t—1)=-2 30. (k2 — 1)+ (x*—1)—12=0
40. (x +1)?>—8(x+1)—9=0 M. (x—3)P2—4=0

EXTENSIONS

For the following exercises, solve for the unknown variable.

42, x 2 —x'—-12=0 43. Vx> =x 44, t» —t5+1=0 45. |x* 4 2x — 36| =12

REAL-WORLD APPLICATIONS
For the following exercises, use the model for the period of a pendulum, T, such that T = 27 \/ é , where the length
of the pendulum is L and the acceleration due to gravity is g

46. If the acceleration due to gravity is 9.8 m/s*> and the  47. If the gravity is 32 ft/s* and the period equals 1 s,
period equals 1 s, find the length to the nearest cm find the length to the nearest in. (12 in. = 1 ft).
(100 cm = 1 m). Round your answer to the nearest in.

For the following exercises, use a model for body surface area, BSA, such that BSA = %) , where w = weight in
kg and h = height in cm.
48. Find the height of a 72-kg female to the nearest cm  49. Find the weight of a 177-cm male to the nearest kg
whose BSA = 1.8. whose BSA = 2.1.
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