
2 | DESCRIPTIVE
STATISTICS

Figure 2.1 When you have large amounts of data, you will need to organize it in a way that makes sense. These
ballots from an election are rolled together with similar ballots to keep them organized. (credit: William Greeson)

Introduction

Once you have collected data, what will you do with it? Data can be described and presented in many different formats. For
example, suppose you are interested in buying a house in a particular area. You may have no clue about the house prices, so
you might ask your real estate agent to give you a sample data set of prices. Looking at all the prices in the sample often is
overwhelming. A better way might be to look at the median price and the variation of prices. The median and variation are
just two ways that you will learn to describe data. Your agent might also provide you with a graph of the data.

In this chapter, you will study numerical and graphical ways to describe and display your data. This area of statistics is called
"Descriptive Statistics." You will learn how to calculate, and even more importantly, how to interpret these measurements
and graphs.

A statistical graph is a tool that helps you learn about the shape or distribution of a sample or a population. A graph can be
a more effective way of presenting data than a mass of numbers because we can see where data clusters and where there are
only a few data values. Newspapers and the Internet use graphs to show trends and to enable readers to compare facts and
figures quickly. Statisticians often graph data first to get a picture of the data. Then, more formal tools may be applied.
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Again, the goal is to enlighten with visuals that tell the story of the data. Pie charts have a number of common problems
when used to convey the message of the data. Too many pieces of the pie overwhelm the reader. More than perhaps five or
six categories ought to give an idea of the relative importance of each piece. This is after all the goal of a pie chart, what
subset matters most relative to the others. If there are more components than this then perhaps an alternative approach would
be better or perhaps some can be consolidated into an "other" category. Pie charts cannot show changes over time, although
we see this attempted all too often. In federal, state, and city finance documents pie charts are often presented to show the
components of revenue available to the governing body for appropriation: income tax, sales tax motor vehicle taxes and so
on. In and of itself this is interesting information and can be nicely done with a pie chart. The error occurs when two years
are set side-by-side. Because the total revenues change year to year, but the size of the pie is fixed, no real information is
provided and the relative size of each piece of the pie cannot be meaningfully compared.

Histograms can be very helpful in understanding the data. Properly presented, they can be a quick visual way to present
probabilities of different categories by the simple visual of comparing relative areas in each category. Here the error,
purposeful or not, is to vary the width of the categories. This of course makes comparison to the other categories impossible.
It does embellish the importance of the category with the expanded width because it has a greater area, inappropriately, and
thus visually "says" that that category has a higher probability of occurrence.

Time series graphs perhaps are the most abused. A plot of some variable across time should never be presented on axes
that change part way across the page either in the vertical or horizontal dimension. Perhaps the time frame is changed from
years to months. Perhaps this is to save space or because monthly data was not available for early years. In either case this
confounds the presentation and destroys any value of the graph. If this is not done to purposefully confuse the reader, then
it certainly is either lazy or sloppy work.

Changing the units of measurement of the axis can smooth out a drop or accentuate one. If you want to show large changes,
then measure the variable in small units, penny rather than thousands of dollars. And of course to continue the fraud, be
sure that the axis does not begin at zero, zero. If it begins at zero, zero, then it becomes apparent that the axis has been
manipulated.

Perhaps you have a client that is concerned with the volatility of the portfolio you manage. An easy way to present the data
is to use long time periods on the time series graph. Use months or better, quarters rather than daily or weekly data. If that
doesn't get the volatility down then spread the time axis relative to the rate of return or portfolio valuation axis. If you want
to show "quick" dramatic growth, then shrink the time axis. Any positive growth will show visually "high" growth rates.
Do note that if the growth is negative then this trick will show the portfolio is collapsing at a dramatic rate.

Again, the goal of descriptive statistics is to convey meaningful visuals that tell the story of the data. Purposeful
manipulation is fraud and unethical at the worst, but even at its best, making these type of errors will lead to confusion on
the part of the analysis.

2.2 | Measures of the Location of the Data
The common measures of location are quartiles and percentiles

Quartiles are special percentiles. The first quartile, Q1, is the same as the 25th percentile, and the third quartile, Q3, is the

same as the 75th percentile. The median, M, is called both the second quartile and the 50th percentile.

To calculate quartiles and percentiles, the data must be ordered from smallest to largest. Quartiles divide ordered data

into quarters. Percentiles divide ordered data into hundredths. To score in the 90th percentile of an exam does not mean,
necessarily, that you received 90% on a test. It means that 90% of test scores are the same or less than your score and 10%
of the test scores are the same or greater than your test score.

Percentiles are useful for comparing values. For this reason, universities and colleges use percentiles extensively. One
instance in which colleges and universities use percentiles is when SAT results are used to determine a minimum testing

score that will be used as an acceptance factor. For example, suppose Duke accepts SAT scores at or above the 75th

percentile. That translates into a score of at least 1220.

Percentiles are mostly used with very large populations. Therefore, if you were to say that 90% of the test scores are
less (and not the same or less) than your score, it would be acceptable because removing one particular data value is not
significant.

The median is a number that measures the "center" of the data. You can think of the median as the "middle value," but
it does not actually have to be one of the observed values. It is a number that separates ordered data into halves. Half the
values are the same number or smaller than the median, and half the values are the same number or larger. For example,
consider the following data.
1; 11.5; 6; 7.2; 4; 8; 9; 10; 6.8; 8.3; 2; 2; 10; 1
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Ordered from smallest to largest:
1; 1; 2; 2; 4; 6; 6.8; 7.2; 8; 8.3; 9; 10; 10; 11.5

Since there are 14 observations, the median is between the seventh value, 6.8, and the eighth value, 7.2. To find the median,
add the two values together and divide by two.

6.8 + 7.2
2 = 7

The median is seven. Half of the values are smaller than seven and half of the values are larger than seven.

Quartiles are numbers that separate the data into quarters. Quartiles may or may not be part of the data. To find the quartiles,
first find the median or second quartile. The first quartile, Q1, is the middle value of the lower half of the data, and the third
quartile, Q3, is the middle value, or median, of the upper half of the data. To get the idea, consider the same data set:
1; 1; 2; 2; 4; 6; 6.8; 7.2; 8; 8.3; 9; 10; 10; 11.5

The median or second quartile is seven. The lower half of the data are 1, 1, 2, 2, 4, 6, 6.8. The middle value of the lower
half is two.
1; 1; 2; 2; 4; 6; 6.8

The number two, which is part of the data, is the first quartile. One-fourth of the entire sets of values are the same as or
less than two and three-fourths of the values are more than two.

The upper half of the data is 7.2, 8, 8.3, 9, 10, 10, 11.5. The middle value of the upper half is nine.

The third quartile, Q3, is nine. Three-fourths (75%) of the ordered data set are less than nine. One-fourth (25%) of the
ordered data set are greater than nine. The third quartile is part of the data set in this example.

The interquartile range is a number that indicates the spread of the middle half or the middle 50% of the data. It is the
difference between the third quartile (Q3) and the first quartile (Q1).

IQR = Q3 – Q1

The IQR can help to determine potential outliers. A value is suspected to be a potential outlier if it is less than (1.5)(IQR)
below the first quartile or more than (1.5)(IQR) above the third quartile. Potential outliers always require further
investigation.

NOTE

A potential outlier is a data point that is significantly different from the other data points. These special data points
may be errors or some kind of abnormality or they may be a key to understanding the data.

Example 2.14

For the following 13 real estate prices, calculate the IQR and determine if any prices are potential outliers. Prices
are in dollars.
389,950; 230,500; 158,000; 479,000; 639,000; 114,950; 5,500,000; 387,000; 659,000; 529,000; 575,000;
488,800; 1,095,000

Solution 2.14

Order the data from smallest to largest.
114,950; 158,000; 230,500; 387,000; 389,950; 479,000; 488,800; 529,000; 575,000; 639,000; 659,000;
1,095,000; 5,500,000

M = 488,800

Q1 = 230,500 + 387,000
2 = 308,750

Q3 = 639,000 + 659,000
2 = 649,000

IQR = 649,000 – 308,750 = 340,250

(1.5)(IQR) = (1.5)(340,250) = 510,375
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Q1 – (1.5)(IQR) = 308,750 – 510,375 = –201,625

Q3 + (1.5)(IQR) = 649,000 + 510,375 = 1,159,375

No house price is less than –201,625. However, 5,500,000 is more than 1,159,375. Therefore, 5,500,000 is a
potential outlier.

Example 2.15

For the two data sets in the test scores example, find the following:

a. The interquartile range. Compare the two interquartile ranges.

b. Any outliers in either set.

Solution 2.15

The five number summary for the day and night classes is

Minimum Q1 Median Q3 Maximum

Day 32 56 74.5 82.5 99

Night 25.5 78 81 89 98

Table 2.21

a. The IQR for the day group is Q3 – Q1 = 82.5 – 56 = 26.5
The IQR for the night group is Q3 – Q1 = 89 – 78 = 11

The interquartile range (the spread or variability) for the day class is larger than the night class IQR. This
suggests more variation will be found in the day class’s class test scores.

b. Day class outliers are found using the IQR times 1.5 rule. So,
Q1 - IQR(1.5) = 56 – 26.5(1.5) = 16.25

Q3 + IQR(1.5) = 82.5 + 26.5(1.5) = 122.25

Since the minimum and maximum values for the day class are greater than 16.25 and less than 122.25, there
are no outliers.

Night class outliers are calculated as:

Q1 – IQR (1.5) = 78 – 11(1.5) = 61.5

Q3 + IQR(1.5) = 89 + 11(1.5) = 105.5

For this class, any test score less than 61.5 is an outlier. Therefore, the scores of 45 and 25.5 are outliers.
Since no test score is greater than 105.5, there is no upper end outlier.

Example 2.16

Fifty statistics students were asked how much sleep they get per school night (rounded to the nearest hour). The
results were:
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AMOUNT OF SLEEP PER
SCHOOL NIGHT (HOURS)

FREQUENCY
RELATIVE
FREQUENCY

CUMULATIVE
RELATIVE
FREQUENCY

4 2 0.04 0.04

5 5 0.10 0.14

6 7 0.14 0.28

7 12 0.24 0.52

8 14 0.28 0.80

9 7 0.14 0.94

10 3 0.06 1.00

Table 2.22

Find the 28th percentile. Notice the 0.28 in the "cumulative relative frequency" column. Twenty-eight percent

of 50 data values is 14 values. There are 14 values less than the 28th percentile. They include the two 4s, the five

5s, and the seven 6s. The 28th percentile is between the last six and the first seven. The 28th percentile is 6.5.

Find the median. Look again at the "cumulative relative frequency" column and find 0.52. The median is the

50th percentile or the second quartile. 50% of 50 is 25. There are 25 values less than the median. They include the

two 4s, the five 5s, the seven 6s, and eleven of the 7s. The median or 50th percentile is between the 25th, or seven,

and 26th, or seven, values. The median is seven.

Find the third quartile. The third quartile is the same as the 75th percentile. You can "eyeball" this answer. If
you look at the "cumulative relative frequency" column, you find 0.52 and 0.80. When you have all the fours,
fives, sixes and sevens, you have 52% of the data. When you include all the 8s, you have 80% of the data. The

75th percentile, then, must be an eight. Another way to look at the problem is to find 75% of 50, which is 37.5,

and round up to 38. The third quartile, Q3, is the 38th value, which is an eight. You can check this answer by
counting the values. (There are 37 values below the third quartile and 12 values above.)

2.16 Forty bus drivers were asked how many hours they spend each day running their routes (rounded to the nearest

hour). Find the 65th percentile.

Amount of time spent on route
(hours)

Frequency
Relative
Frequency

Cumulative Relative
Frequency

2 12 0.30 0.30

3 14 0.35 0.65

4 10 0.25 0.90

5 4 0.10 1.00

Table 2.23
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Example 2.17

Using Table 2.22:

a. Find the 80th percentile.

b. Find the 90th percentile.

c. Find the first quartile. What is another name for the first quartile?

Solution 2.17

Using the data from the frequency table, we have:

a. The 80th percentile is between the last eight and the first nine in the table (between the 40th and 41st values).

Therefore, we need to take the mean of the 40th an 41st values. The 80th percentile = 8 + 9
2 = 8.5

b. The 90th percentile will be the 45th data value (location is 0.90(50) = 45) and the 45th data value is nine.

c. Q1 is also the 25th percentile. The 25th percentile location calculation: P25 = 0.25(50) = 12.5 ≈ 13 the 13th

data value. Thus, the 25th percentile is six.

A Formula for Finding the kth Percentile

If you were to do a little research, you would find several formulas for calculating the kth percentile. Here is one of them.

k = the kth percentile. It may or may not be part of the data.

i = the index (ranking or position of a data value)

n = the total number of data points, or observations

• Order the data from smallest to largest.

• Calculate i = k
100(n + 1)

• If i is an integer, then the kth percentile is the data value in the ith position in the ordered set of data.

• If i is not an integer, then round i up and round i down to the nearest integers. Average the two data values in these two
positions in the ordered data set. This is easier to understand in an example.

Example 2.18

Listed are 29 ages for Academy Award winning best actors in order from smallest to largest.
18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69; 71; 72; 73; 74; 76; 77

a. Find the 70th percentile.

b. Find the 83rd percentile.

Solution 2.18

a. k = 70
i = the index
n = 29

i = k
100 (n + 1) = ( 70

100 )(29 + 1) = 21. Twenty-one is an integer, and the data value in the 21st position in

the ordered data set is 64. The 70th percentile is 64 years.

b. k = 83rd percentile
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i = the index
n = 29

i = k
100 (n + 1) = ) 83

100 )(29 + 1) = 24.9, which is NOT an integer. Round it down to 24 and up to 25. The

age in the 24th position is 71 and the age in the 25th position is 72. Average 71 and 72. The 83rd percentile
is 71.5 years.

2.18 Listed are 29 ages for Academy Award winning best actors in order from smallest to largest.

18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69; 71; 72; 73; 74; 76; 77

Calculate the 20th percentile and the 55th percentile.

A Formula for Finding the Percentile of a Value in a Data Set
• Order the data from smallest to largest.

• x = the number of data values counting from the bottom of the data list up to but not including the data value for which
you want to find the percentile.

• y = the number of data values equal to the data value for which you want to find the percentile.

• n = the total number of data.

• Calculate
x + 0.5y

n (100). Then round to the nearest integer.

Example 2.19

Listed are 29 ages for Academy Award winning best actors in order from smallest to largest.
18; 21; 22; 25; 26; 27; 29; 30; 31; 33; 36; 37; 41; 42; 47; 52; 55; 57; 58; 62; 64; 67; 69; 71; 72; 73; 74; 76; 77

a. Find the percentile for 58.

b. Find the percentile for 25.

Solution 2.19
a. Counting from the bottom of the list, there are 18 data values less than 58. There is one value of 58.

x = 18 and y = 1.
x + 0.5y

n (100) =
18 + 0.5(1)

29 (100) = 63.80. 58 is the 64th percentile.

b. Counting from the bottom of the list, there are three data values less than 25. There is one value of 25.

x = 3 and y = 1.
x + 0.5y

n (100) =
3 + 0.5(1)

29 (100) = 12.07. Twenty-five is the 12th percentile.

Interpreting Percentiles, Quartiles, and Median
A percentile indicates the relative standing of a data value when data are sorted into numerical order from smallest to largest.
Percentages of data values are less than or equal to the pth percentile. For example, 15% of data values are less than or equal

to the 15th percentile.

• Low percentiles always correspond to lower data values.

• High percentiles always correspond to higher data values.

A percentile may or may not correspond to a value judgment about whether it is "good" or "bad." The interpretation of

Chapter 2 | Descriptive Statistics 71



whether a certain percentile is "good" or "bad" depends on the context of the situation to which the data applies. In some
situations, a low percentile would be considered "good;" in other contexts a high percentile might be considered "good". In
many situations, there is no value judgment that applies.

Understanding how to interpret percentiles properly is important not only when describing data, but also when calculating
probabilities in later chapters of this text.

GUIDELINE

When writing the interpretation of a percentile in the context of the given data, the sentence should contain the
following information.

• information about the context of the situation being considered

• the data value (value of the variable) that represents the percentile

• the percent of individuals or items with data values below the percentile

• the percent of individuals or items with data values above the percentile.

Example 2.20

On a timed math test, the first quartile for time it took to finish the exam was 35 minutes. Interpret the first quartile
in the context of this situation.

Solution 2.20
• Twenty-five percent of students finished the exam in 35 minutes or less.

• Seventy-five percent of students finished the exam in 35 minutes or more.

• A low percentile could be considered good, as finishing more quickly on a timed exam is desirable. (If you
take too long, you might not be able to finish.)

Example 2.21

On a 20 question math test, the 70th percentile for number of correct answers was 16. Interpret the 70th percentile
in the context of this situation.

Solution 2.21
• Seventy percent of students answered 16 or fewer questions correctly.

• Thirty percent of students answered 16 or more questions correctly.

• A higher percentile could be considered good, as answering more questions correctly is desirable.

2.21 On a 60 point written assignment, the 80th percentile for the number of points earned was 49. Interpret the 80th

percentile in the context of this situation.

Example 2.22

At a community college, it was found that the 30th percentile of credit units that students are enrolled for is seven

units. Interpret the 30th percentile in the context of this situation.
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Solution 2.22
• Thirty percent of students are enrolled in seven or fewer credit units.

• Seventy percent of students are enrolled in seven or more credit units.

• In this example, there is no "good" or "bad" value judgment associated with a higher or lower percentile.
Students attend community college for varied reasons and needs, and their course load varies according to
their needs.

Example 2.23

Sharpe Middle School is applying for a grant that will be used to add fitness equipment to the gym. The principal
surveyed 15 anonymous students to determine how many minutes a day the students spend exercising. The results
from the 15 anonymous students are shown.

0 minutes; 40 minutes; 60 minutes; 30 minutes; 60 minutes

10 minutes; 45 minutes; 30 minutes; 300 minutes; 90 minutes;

30 minutes; 120 minutes; 60 minutes; 0 minutes; 20 minutes

Determine the following five values.

Min = 0
Q1 = 20

Med = 40
Q3 = 60

Max = 300

If you were the principal, would you be justified in purchasing new fitness equipment? Since 75% of the students
exercise for 60 minutes or less daily, and since the IQR is 40 minutes (60 – 20 = 40), we know that half of the
students surveyed exercise between 20 minutes and 60 minutes daily. This seems a reasonable amount of time
spent exercising, so the principal would be justified in purchasing the new equipment.

However, the principal needs to be careful. The value 300 appears to be a potential outlier.

Q3 + 1.5(IQR) = 60 + (1.5)(40) = 120.

The value 300 is greater than 120 so it is a potential outlier. If we delete it and calculate the five values, we get
the following values:

Min = 0
Q1 = 20

Q3 = 60

Max = 120

We still have 75% of the students exercising for 60 minutes or less daily and half of the students exercising
between 20 and 60 minutes a day. However, 15 students is a small sample and the principal should survey more
students to be sure of his survey results.

2.3 | Measures of the Center of the Data
The "center" of a data set is also a way of describing location. The two most widely used measures of the "center" of the
data are the mean (average) and the median. To calculate the mean weight of 50 people, add the 50 weights together and
divide by 50. Technically this is the arithmetic mean. We will discuss the geometric mean later. To find the median weight
of the 50 people, order the data and find the number that splits the data into two equal parts meaning an equal number of
observations on each side. The weight of 25 people are below this weight and 25 people are heavier than this weight. The
median is generally a better measure of the center when there are extreme values or outliers because it is not affected by the
precise numerical values of the outliers. The mean is the most common measure of the center.
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