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Solve Rational Equations

Learning Objectives

By the end of this section, you will be able to:

Solve rational equations
Use rational functions
Solve a rational equation for a specific variable

Be Prepared!

Before you get started, take this readiness quiz.

1. Solve: Ly+1=1

6~ 2 3
If you missed this problem, review

2. Solve: n®—5n—36=0.
If you missed this problem, review

3. Solve the formula 5x + 2y = 10 for y.
If you missed this problem, review

After defining the terms ‘expression’ and ‘equation’ earlier, we have used them throughout this book. We have simplified
many kinds of expressions and solved many kinds of equations. We have simplified many rational expressions so far in this
chapter. Now we will solve a rational equation.

Rational Equation

A rational equation is an equation that contains a rational expression.

You must make sure to know the difference between rational expressions and rational equations. The equation contains
an equal sign.

Rational Expression

Rational Equation

1 1 1,1 _ 1
i) Y2 = 1
+6
y2-36 y©—36
1 1 P B 15
n—-3 n+a n+4 T 24012

Solve Rational Equations

We have already solved linear equations that contained fractions. We found the LCD of all the fractions in the equation
and then multiplied both sides of the equation by the LCD to “clear” the fractions.

We will use the same strategy to solve rational equations. We will multiply both sides of the equation by the LCD. Then,
we will have an equation that does not contain rational expressions and thus is much easier for us to solve. But because
the original equation may have a variable in a denominator, we must be careful that we don’t end up with a solution that
would make a denominator equal to zero.

So before we begin solving a rational equation, we examine it first to find the values that would make any denominators
zero. That way, when we solve a rational equation we will know if there are any algebraic solutions we must discard.

An algebraic solution to a rational equation that would cause any of the rational expressions to be undefined is called an
extraneous solution to a rational equation.

Extraneous Solution to a Rational Equation

An extraneous solution to a rational equation is an algebraic solution that would cause any of the expressions in
the original equation to be undefined.

We note any possible extraneous solutions, ¢, by writing x # ¢ next to the equation.
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_ HOW TO SOLVE A RATIONAL EQUATION

.1.,1_5
Solve: 7+§—€.

©) Solution

If x=0, then % is undefined.

So we'll write x # 0 next to
the equation.

. 1 1 5
Find the LCD of '3 and E'

Multiply both sides of the
equation by the LCD, 6x.

Use the Distributive Property.

Simplify - and notice, no more
fractions!

Simplify.

We did not get 0 as an
algebraic solution.

We substitute x = 2 into the
original equation.

1 1 5
7+§—E,X#D
The LCD is 6x.

x|
+

+
[IEN]

olw M=
+

ol olN wl= wl=
[IEN]

ol ol ol oln

-~

The solution is x = 2.

TRVITSI766 Sone: 2+

The steps of this method are shown.
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(&) HOW TO:: SOLVE EQUATIONS WITH RATIONAL EXPRESSIONS.

Step 1. Note any value of the variable that would make any denominator zero.
Step 2.  Find the least common denominator of all denominators in the equation.
Step 3.  Clear the fractions by multiplying both sides of the equation by the LCD.
Step 4. Solve the resulting equation.
Step 5. Check:
- If any values found in Step 1 are algebraic solutions, discard them.
- Check any remaining solutions in the original equation.

We always start by noting the values that would cause any denominators to be zero.

S CVWIJR Rzl HOW TO SOLVE A RATIONAL EQUATION USING THE ZERO PRODUCT PROPERTY

Solve: 1 —% = —%.
y
© solution
1.5__6
y oy
Note any value of the variable that would make 1-5__6 y#0
. y }’2’
any denominator zero.
Find the least common denominator of all denominators in
the equation. The LCD is 2.
Clear the fractions by multiplying both sides of y.z( _ Q)zyz(_i)
the equation by the LCD. b4 y
- 201 —p(2) = o[ 6
Distribute. yeel Y(y) JI( yz)
Multiply. y'-5y=-6
Solve the resulting equation. First By+6=0
write the quadratic equation in standard form. pes
Factor. (y-2)0y-3)=0
Use the Zero Product Property. y-2=00ry-3=0
Solve. y=2ory=3
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Check.
We did not get 0 as an algebraic solution.

Check y =2 and y = = in the original equation.

685

1-.2__6 1-2__6
y oy y oy
52 6 _52_6
1-3== 1 2
1.52.6 1.22.6
2- 4 3779
2_52_ 6 3._52. 6
27274 37379
32 6 226
2 4 3°79
3__3 _2__2
2727 337
The solutionis y=2, y=3.

TRYIT:767 e | -2 15,

=2

TRYIT::7.68 Solve: 1 — % = %

y

In the next example, the last denominators is a difference of squares. Remember to factor it first to find the LCD.

EXAMPLE 7.35

2 .. 4 _x-1
X+2 x-2 ,2_y4

Solve:

© solution

Note any value of the variable
that would make any denominator
zero.

Find the least common
denominator of all denominators
in the equation.

The LCDis (x + 2)(x — 2).

Clear the fractions by multiplying
both sides of the equation by the
LCD.

Distribute.

2 4 x=1

X+2 +x—2:l(x+2)(J(—2)'X?é_2"héz

0+ 200 - 2225 + 0+ 2 - Do = o+ - 22
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Remove common factors.
Simplify.
Distribute.

Solve.

Check:

We did not get 2 or -2 as algebraic solutions.

Check x =-1 in the original equation.

Chapter 7 Rational Expressions and Functions

eAZ)(x - 2)):-/2 +(x+ Z)Mﬁ = {L-l-—;.l)(r—‘ﬂ(ﬁ)
2x=2)+40x +2)=x-1

2x-4+4x+8=x-1

6x+4=x-1
5x=-5
x=-1

2 4 _ x-1
X+2 x-2 x-4
2 . 4 2(D-1
h+2" -2~ 1y-4
2,422
1t3 3
6_422
37373
2_2
3737
The solutionis x = —1.
TRYIT:: 769 .2 | 1
SO|Ve'x+1+x—1 2 1
TRYIT::7.70 5 2 5
Solve: ’~+3+y_3 \.2_9.

In the next example, the first denominator is a trinomial. Remember to factor it first to find the LCD.

EXAMPLE 7.36

m+11  _ _ 5 3

Solve: = — .
m2—5Sm+4 m—4 m-1
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©) solution

Note any value of the variable that
would make any denominator zero.
Use the factored form of the quadratic
denominator.

Find the least common denominator
of all denominators in the equation.
The LCDis (m —4)(m — 1).

Clear the fractions by
multiplying both sides of the
equation by the LCD.

Distribute.

Remove common factors.

Simplify.

Solve the resulting equation.

Check.

The only algebraic solution

was 4, but we said that 4 would make
a denominator equal to zero. The
algebraic solution is an

extraneous solution.

687

m+11 _ 5 _ 3
m-5m+4 m-4 m-1

m+11___ 5 __3
{m—4}{m—1]_m—4_m—1m#4'm#1
m+11\_ 5 3
(m—4)(m—1)(m)—(m—4)(m—1}(m—ﬁ)
m+ 11 T . 5 _(m- = 3
(m—4)(m—1)(m)_(m am 1) =5~ (m - 4xm - 1) 2
MM(L”%MW—UL—W—MML
(m—4)(m—1) m—4 m—t

m+11="5(m-1)-3(m-4)
m+11=5m-5-3m+12

4=m

There is no solution to this equation.

6 4

x—=5 x-=-2

TRYITST7L g0 w13
x“=T7x+10
TRYIT::7.72 y—6
Solve: ol =
y +3y—-4

The equation we solved in the previous example had only one algebraic solution, but it was an extraneous solution. That
left us with no solution to the equation. In the next example we get two algebraic solutions. Here one or both could be

extraneous solutions.

EXAMPLE 7.37

y __72

+4.
y+6  2_36

Solve:
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©) solution

Factor all the denominators,
so we can note any value of
the variable that would make
any denominator zero.

Find the least common denominator.

The LCD is (y — 6)(y + 6).

Clear the fractions.
Simplify.
Simplify.

Solve the resulting equation.

Check.

y=-6is an extraneous solution.
Check y = 4 in the original equation.

yve - 7ot

716 . 4’7—236+4
%i%u
2.
oo
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Yy _ 72
y+6 - y-3674
y 72

y+6 - -oly+e) T Y FOYES

v-61y+6)(;375) =0 -0 + (g +9

(y-6)y=72+(y-6)y+6)*4

Wy —6) =72 + 4(y* - 36)

Yy -by=72+4y" - 144
0=3y"+6y-72
0=3(y"+2y-24)
0=3(y+6)y-4)

y=-6y=4

The solutionis y =4.

TRYIT::7.73 Solve: — X —
x+4
TRYIT::7.74 Solve: —Y =
y+38

-16

128

In some cases, all the algebraic solutions are extraneous.

EXAMPLE 7.38
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x __2 :5x2—2x+9
2x—2 3x+3 12x2-12 °

Solve:

) Solution

X 2 _5%-2x+9
2x-2 3x+3 12x-12

We will start by factoring all

denominators, to make it easier X 2 _ 5¢-2x+9

to identify extraneous solutions and the 2x=1) 30(c+1) 12x-1)x+1)

LCD.

Note any value of the variable X 2 _ 5¢-2X+9 yq 429
that would make any denominator zero. 2x=1) 3x+T1) 12x-Nx+1)

Find the least common
denominator.
The LCDis 12(x — 1)(x + 1).

Clear the fractions. 12(x = 1)(x + 1) (2()(—{1) - ﬁ) =12(x - 1)x + 1)(%)
Simplify. 6x+ 1) x—-4x-1)=2=5¢-2x+9
Simplify. 6x(x +1)-4-2(x-1)=5¢-2x+9
Solve the resulting equation. 6x* +6x-8x+8=5¢-2x+9
x¥-1=0

xX-Nx+1)=0
x=1lorx=-1

Check.
x =1 and x = —1 are extraneous solutions.

The equation has no solution.

TRYIT:: 775 . 5 292 — 19y + 54
Solve: = - == - .

TRYIT::7.76

.z 3 322-16z-16
N S W8 r2:-64)

EXAMPLE 7.39

4 + 3 — 2

Solve: 5 5 =— .
3x—10x+3 3x“+2x—1 x*—-2x-3
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) Solution
4 " 3. 2
3¢ -10x+3 3¢ +2x-1 x¥-2x-3

Factor all the denominators, 4 + 3 N 2
so we can note any value of Bx-1x-3) Bx-Nx+1) " x-3)x+1)
the variable that would make
any denominator x# -1, x;é%, x#3
zero.

Find the least common
denominator. The LCD is
GBx—=Dx+ DH(x—=3).

Clear the fractions.

(3x - 1)x + 1)(x— 3’{(3;(- 11()(-3) e &X ; n}: (3x = 1)(x + 1)(x - 3)(m)
Simplify. 4x+1)+3(x-3)=2(3x-1)
Distribute. 4x+4+3x-9=6x-2
Simplify. 7X-5=6x-2

x=3

The only algebraic solution
was x =3, but we said that

x =3 would make a

denominator equal to zero.
The algebraic solution is an
extraneous solution.

There is no solution to this equation.

TRYIT::7.77 Solve: 15 3 __2

_x2+.¥—6 x—2 x+3

TRYIT::7.78 olve: 5 3 |

2 +2x=3 x2+x—-2 x>+5x+6

Use Rational Functions

Working with functions that are defined by rational expressions often lead to rational equations. Again, we use the same
techniques to solve them.

EXAMPLE 7.40

For rational function, f(x) = 2295—_6, @® find the domain of the function, ® solve f(x) =1, and © find the
x“—=8x+15

points on the graph at this function value.

© Solution

@ The domain of a rational function is all real numbers except those that make the rational expression undefined. So to
find them, we will set the denominator equal to zero and solve.
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x2—8x+15=0

Factor the trinomial. x=-3)x-5=0
Use the Zero Product Property. x—3=0 x-5=0.
Solve. x=3 x=5

The domain is all real numbers except x # 3, x # 5.

®
feg=1
L . . -6 _4
Substitute in the rational expression. X_8x+15
. 2x-6  _
Factor the denominator. (x-3)x-5) =1

Multiply both sides by the LCD, (X—3)(x 5)( 2x-6 )= (x - 3)x—5)1)

(x=3)(x—=5). (x-3)x-5)

Simplify. 2X-6=x-8x+15
Solve. 0=x-10x+21
Factor. 0=x-7)x-3)
Use the Zero Product Property. x-7=0 x-3=0
Solve. x=7 x=3

(© The value of the function is 1 when x = 7, x = 3. So the points on the graph of this function when f(x) =1, will be
(7, D, G, D).

TRYIT::7.79

For rational function, f(x) = % ® find the domain of the function ® solve f(x) =3 © find the
X" —=71x+

points on the graph at this function value.

TRYIT: :7.80

For rational function, f(x) = #15 ® find the domain of the function ® solve f(x) =4 © find the
X5 —6x+°

points on the graph at this function value.

Solve a Rational Equation for a Specific Variable

When we solved linear equations, we learned how to solve a formula for a specific variable. Many formulas used
in business, science, economics, and other fields use rational equations to model the relation between two or more
variables. We will now see how to solve a rational equation for a specific variable.

When we developed the point-slope formula from our slope formula, we cleared the fractions by multiplying by the LCD.

_ Y=N
m = ¥=x
Multiply both sides of the equation by x — x. mx—xq) = (i:—ﬂ)(x —-x1)
Simplify. mx—xy) = y—y;
Rewrite the equation with the y terms on the left. y=y; = m(x—xq)

In the next example, we will use the same technique with the formula for slope that we used to get the point-slope form
of an equation of a line through the point (2, 3). We will add one more step to solve for y.
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EXAMPLE 7.41

y—2
m= fi .
Solve: m =3 or y
©) solution
ib=ie
m=x_3
Note any value of the variable that would i y-2 x#3
make any denominator zero. X-3

Clear the fractions by multiplying both sides of B (y-z
the equation by the LCD, x — 3. pe=2im =u=g) x—3)
Simplify. Xm-3m=y-2

Isolate the term with y. xm-3m+2=y

TRYIT:: 7381 y—5
Solve: m == 7 for y.

X —

TRYIT::7.82 y— 1
Solve: m = .x for y.

+5

Remember to multiply both sides by the LCD in the next example.

EXAMPLE 7.42

Solve: % + % =1 forc.
© solution
1.1 _
ctm=1forc
Note any value of the variable that would make 141 21.¢h0,m%0
any denominator zero. ¢ m
Clear the fractions by multiplying both sides of 1.1
1) =cm(1
the equations by the LCD, cm. Cm(f N m) em(t)
Distribute. cm(%) + cm% =cm(1)
Simplify. m+c=cm
Collect the terms with c to the right. m=cm-c
Factor the expression on the right. m=cm-1)
To isolate ¢, divide both sides by m — 1. m__dm-1)
m-1 m-1
Simplify by removing common factors. % =c

Notice that even though we excluded ¢ =0, m = 0 from the original equation, we must also now state that

m# 1.

This OpenStax book is available for free at http://cnx.org/content/col12119/1.3
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TRYIT::783 Solve: %+l = ¢ fora.
b
>| TRYIT::7.84 2,11
Solve: 7+§—7 fory.

|Z| MEDIA : :

Access this online resource for additional instruction and practice with equations with rational expressions.
* Equations with Rational Expressions (https://openstax.org/l/37EqRatExp)
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L 7.4 EXERCISES
Practice Makes Perfect

Solve Rational Equations

In the following exercises, solve each rational equation.

197.%+%:% 198.%—%:%
199.%+%=% 200%+%=%
201 1 -2 =58 202. 1 + 3 =21

m n
203.1+%=‘p—22O 204.1—%:;—?
205 525 = 206. 555 =3
207.xi4+xz4=x2§16 208'y§9+y-|1r9=y21_881
209'1—810_24-710:Z2_5100 21°'a.|.911_a_611=a2_6121
211'q_T102_q7ﬂ=1 22 2o -3-=1
g V=10 _ 3 _ 6 ya WS __5 )

= +
vV-5v+4 v-1 v-4 w2—1lw+28 w-=7 w—4

215, —x=10 __3 , 4 y=5 1 1

C+8x+12 *+2 x+6 S T
219.%”=d21—§9+4 220. m”15=m25—i)25+6
221.’112—3:”28_4 222'pi7_8=p29_849
093 4 3 742+ 6q+63 20 T J1r o= 3r1224;21zr340ro4o

3g=9 49+12° 2442 216

5  _ t2-23t+70

2 _ 552357 r —
6r—12  2t+10  12/2 4361 - 120

S - =
25+6 55+5 1052 +40s + 30

225. 226.
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Chapter 7 Rational Expressions and Functions

297 2 _ 1 _ 4
T2 2 2
x“4+2x—8 x*+9%%+20 x“+3x-10

3 3 6

229. + =

x2—5x—6 x2—-Tx+6 x*-1

Solve Rational Equations that Involve Functions
x—2

231. For rational function, f(x) = -
xX“+6x+8

@ find the domain of the function

®solve f(x) =5
© find the points on the graph at this function value.

2—x

233. For rational function, f(x) = ——*—="—,
x“=Tx+10

find the domain of the function
® solve fx)=2

© find the points on the graph at this function value.

Solve a Rational Equation for a Specific Variable

In the following exercises, solve.

235. % =2z for r. 236. I_p for r.

695

228, ——2 =3
x“4+4x+3 x“4+x-6 x"—x-2
230, 52— 53— =6

x2+2x—3 x2+4x+3 _x2—1

x+1

232. For rational function, f(x) = 3
x“=2x-3

)

@ find the domain of the function
®solve f(x)=1

© find the points on the graph at this function value.

5—x

234. For rational function, f(x) = -
xX“+5x+6

@ find the domain of the function
®solve f(x) =3

©the points on the graph at this function value.

237. y+3 _ 1 for w.

re w—1_2
238. ;ti :% for y. 239. a =lc7_ig for c. 240. m = ZZ for n.
241.%+%=4f0r p. 242.%+%=2f0r s. 243.%+%=%f0r w.
244.%+%=%fory. 245.%=%forn 245-”=3S_tf0r r.
247. %: m? for c. 248. %: W for T. 249. %—%:% for y.

250. c=% +%for a.

Writing Exercises

251. Your class mate is having trouble in this section.
Write down the steps you would use to explain how to
solve a rational equation.

+4

252. Alek thinks the equation Y ZZL
y+6 2 —36

has two solutions, y = —6 and y =4. Explain why
Alek is wrong.
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Self Check

@ After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section.

solve rational equations.

solve rational equations
involving functions.

solve rational equations for a
specific variable.

® on a scale of 1 — 10, how would you rate your mastery of this section in light of your responses on the checklist? How can
you improve this?
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